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OPENING PROBLEM

A Ferris wheel rotates at a constant speed. The
wheel’s radius is 10 m and the bottom of the wheel
is 2 m above ground level. From a point in front of
the wheel, Andrew is watching a green light on the /= ’
perimeter of the wheel. Andrew notices that the green \

light moves in a circle. He estimates how high the
light is above ground level at two second intervals = ®
and draws a scatter diagram of his results.

il

'
"y

Things to think about:
a What does his scatter diagram look like? /{/

b What function can be used to model the data?

¢ How could this function be used to find:
S s [

i the light’s position at any point in time
ii the times when the light is at its maximum
and minimum heights?

d What part of the function would indicate the time interval over which one complete cycle occurs?

Click on the icon to visit a simulation of the Ferris wheel. You will be able to view
the light from: DEMO

-« >
e in front of the wheel e a side-on position e above the wheel. I J

You can then observe the graph of the green light’s position as the wheel rotates at a constant rate.

e PERIODIC BEHAVIOUR

Periodic phenomena occur all the time in the physical world. For example, in:

e seasonal variations in our climate

e variations in average maximum and minimum monthly temperatures
e the number of daylight hours at a particular location

e tidal variations in the depth of water in a harbour

e the phases of the moon

e animal populations.

These phenomena illustrate variable behaviour which is repeated over time. The repetition may be called
periodic, oscillatory, or cyclic in different situations.

In this chapter we will see how trigonometric functions can be used to model periodic phenomena.

OBSERVING PERIODIC BEHAVIOUR

The table below shows the mean monthly maximum temperature for Cape Town, South Africa.

Month Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
Temp. T (°C) | 28 | 27 | 254 | 22 | 182 | 16 | 15 | 16 | 18 [ 211 | 24 | 26

2
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On the scatter diagram alongside we plot the A T(°C)
temperature 7' on the vertical axis. We assign 30
January as t = 1 month, February as ¢ = 2 ML R
months, and so on for the 12 months of the year. 20 ® . .L
°e © (10, 213)
10
t (months)
3 6 9 121
YJAN JAN

The temperature shows a variation from an average of 28°C in January through a range of values across
the months. The cycle will approximately repeat itself for each subsequent 12 month period. By the
end of the chapter we will be able to establish a periodic function which approximately fits this set of
points.

T(°C)
30

® o ° ° ° ® o ° ° °
20 ° ° e ° ° ° ) °

(-] ° o o ° o
10
t (months)
P36 9 12f 15 18 21 24
YJAN JAN

HISTORICAL NOTE

lines of
magnetic
force

direction f)

(]

. &0

of rotation S
o

>

B W&;OC’ 270° 360°

In 1831 Michael Faraday discovered that an electric current was generated by rotating a coil of wire
in a magnetic field. The electric current produced showed a voltage which varied between positive
and negative values as the coil rotated through 360°.

Graphs with this basic shape, where the cycle is repeated over and over, are called sine waves.

GATHERING PERIODIC DATA

Data on a number of periodic phenomena can be found online or in other publications. For example:

e Maximum and minimum monthly temperatures can be found at www.weatherbase.com

e Tidal details can be obtained from daily newspapers or internet sites such as
http://tidesandcurrents.noaa.gov or http://www.bom.gov.au/oceanography
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TERMINOLOGY USED TO DESCRIBE PERIODICITY

A periodic function is one which repeats itself over and over in a horizontal direction, in intervals of
the same length.

The period of a periodic function is the length of one repetition or cycle.
f(x) is a periodic function with period p < f(z + p) = f(x) for all z, and p is the

smallest positive value for this to be true.

A cycloid is an example of a periodic function. It is the curve traced out by a point on a circle as the
circle rolls across a flat surface in a straight line.

Use a graphing package to examine the function f(z) =z — [z]

e : » GRAPHING
where [z] Is .the largest.m'teger l.ess than or equal to z”. PACKAGE
Is f(x) periodic? What is its period? (ﬁ)

WAVES

In this course we are mainly concerned with periodic phenomena which show a wave pattern:

the wave

principal axis

The wave oscillates about a horizontal line called the principal axis or mean line which has
max -+ min

2

A maximum point occurs at the top of a crest, and a minimum point at the bottom of a trough.

equation y =

The amplitude is the distance between a maximum (or minimum) point and the principal axis.

max — min

amplitude = 5

maximum point\

I
- principal axis \ v amplitude -

le———— period ———»f

minimum point _/
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EXERCISE 12A

1  Which of these graphs show periodic behaviour?
a V\

) VANVANEN
l 1\/2 3\/4 5\/6 T

2 The following tabled values show the height above the ground of a point on a bicycle wheel as the
bicycle is wheeled along a flat surface.

Distance travelled (cm) 0O | 20 | 40 | 60 [ 80 | 100 | 120 | 140 | 160 | 180 | 200
Height above ground (cm) | 0 6 | 23 | 42 | b7 [ 64 [ B9 | 43 | 23 | 7 1

Distance travelled (cm) | 220 | 240 | 260 | 280 | 300 | 320 | 340 | 360 | 380 | 400
Height above ground (cm) | 5 | 27 | 40 | 55 | 63 | 60 | 44 | 24 | 9 3

a Plot the graph of height against distance.
b Is it reasonable to fit a curve to this data, or should we leave it as discrete points?
¢ Is the data periodic? If so, estimate:
i the equation of the principal axis il the maximum value
il the period iv the amplitude.

3 Draw a scatter diagram for each set of data below. Is there any evidence to suggest the data is
periodic?

a a5 0 1 2 3
1.4 1

~
t
=)
\]
o

10 | 11 | 12
-14 | -1 0 1 1.4 1 0

<
=
—

=
|

—

)
047341721 ]52]89]109]102]84]104 GRAPHICS

CALCULATOR
INSTRUCTIONS

bx0234567891012/\
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THEORY OF KNOWLEDGE

In mathematics we clearly define terms so there is no misunderstanding of their exact meaning.

We can understand the need for specific definitions by considering integers and rational numbers:

. . . . . 4
e 2 is an integer, and is also a rational number since 2 = >
4 . 5 : : 5 4
e Sisa rational number, and is also an integer since 5= 2.

4 . . . .
o Sisa rational number, but is not an integer.

Symbols are frequently used in mathematics to take the place of phrases. For example:

e = isread as “is equal to” e > isread as “the sum of all”
e ¢ isread as “is an element of” or “is in”.

1 Is mathematics a language?
2 Why is it important that mathematicians use the same notation?

3 Does a mathematical argument need to read like a good piece of English?

The word similar is used in mathematics to describe two figures which are in proportion. This is
different from how similar is used in everyday speech.

Likewise the words function, domain, range, period, and wave all have different or more specific
mathematical meanings.

4 What is the difference between equal, equivalent, and the same?

5 Are there any words which we use only in mathematics? What does this tell us about the
nature of mathematics and the world around us?

Bl THE SINE FUNCTION

In previous studies of trigonometry we have only considered static situations where an angle is fixed.
However, when an object moves around a circle, the situation is dynamic. The angle 6 between the
radius [OP] and the positive x-axis continually changes with time.

Consider again the Opening Problem in which a Ferris wheel of radius “

10 m revolves at constant speed. We let P represent the green light P
on the wheel. 10

The height of P relative to the xz-axis can be determined using right
angled triangle trigonometry. = 10

sin@zi, so h =10sin6.
10

As time goes by, 6 changes and so does h. v

So, we can write h as a function of 6, or alternatively we can write h as a function of time .
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Suppose the Ferris wheel observed by Andrew takes 100 seconds for a full revolution. The graph below
shows the height of the light above or below the principal axis against the time in seconds.

4 height (metres) DEMO
10 (ﬁ)

50 100 time (secondg)

-10

Y

We observe that the amplitude is 10 metres and the period is 100 seconds.

THE BASIC SINE CURVE

Suppose point P moves around the unit circle so the angle [OP] makes h
with the positive horizontal axis is z. In this case P has coordinates
(cosz, sinz).

P (cosz, sinx)

If we project the values of sinz from the unit circle to a set of axes >
alongside, we can obtain the graph of y = sinz.

Note carefully that = on the unit circle diagram is an angle, and
becomes the horizontal coordinate of the sine function. I

Unless indicated otherwise, you should assume that = is measured in radians. Degrees are only included
on this graph for the sake of completeness.

Y
E: o oy
7 N
e N y=sinzx
IV 90° \180° 2100 360/
5 7r\ 37" / 2
e s
e o
_1 N
Y
. . . . SINE
Click on the icon to generate the sine function for yourself. FUNCTION

You should observe that the sine function can be continued beyond 0 < z < 27 in either ‘ﬁ >
direction.

b Y
1
_ w—180° —90° QOO 180° 270° 3607 540°
-7 -7 = T = 27 o 37T\
| y=sinz
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, _1
v

The unit circle repeats itself after one full revolution, so its period is 27.
The maximum value is 1 and the minimum is —1, as —1 <y < 1 on the unit circle.

The amplitude is 1.
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TRANSFORMATIONS OF THE SINE CURVE

In the investigations that follow, we will consider applying transformations to the sine curve y = sinz.
Using the transformations we learnt in Chapter 5, we can generate the curve for the general sine function
y = asin(b(x — ¢)) + d.

THE FAMILY y = asinx, a # 0

Click on the icon to explore the family y = asinz, a # 0. DYNAMIC SINE
FUNCTION
Notice that = is measured in radians. (ﬁ)

What to do:
1 Use the slider to vary the value of a. Observe the changes to the graph of the function.

2 Use the software to help complete the table:

a Function Maximum | Minimum | Period | Amplitude

Yy =sinx 1 —1 27 1
2 Yy =2sinz
0.5 | y=0.5sinzx
—1| y=—sinz

a y=asinx

3 How does a affect the function y = asinx?

4 State the amplitude of:
a y=3sinx b y=+Tsinz ¢ y=—2sinzx

THE FAMILY y = sinbx, b > 0

Click on the icon to explore the family y = sinbx, b > 0. DYNAMIC SINE
FUNCTION

What to do: - ?)
1

Use the slider to vary the value of b. Observe the changes to the graph of the
function.

2 Use the software to help complete the table:

b Function Maximum | Minimum | Period | Amplitude
1 y =sinz 1 -1 27 1

2| y=sin2x

1 | y =sin(32)

b | y=sinbx

3 How does b affect the function y = sin bx?

4 State the period of:

a y=sin3dx b y=sin(3z) ¢ y=sin(1.22) d y=sinbz
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From the previous Investigations you should have found:

Family y = asinz, a #0 |a] is the
modulus of a.
It is the size of

e The graph is a vertical stretch of y = sina with scale factor |a]. a, and cannot
be negative.

e g affects the amplitude of the graph; amplitude = |a|

e If a <0, the graph of y =sinz is also reflected in the z-axis.

Family y =sinbxz, b> 0

c g . 5 1
e The graph is a horizontal stretch of y = sinz with scale factor =

e period = n )
b

=) Self Tutor

Without using technology, sketch the graphs of:
a y=2sinx b y=—-2sinz for 0 <z <27

a This is a vertical stretch of y = sinxz with scale factor 2.
The amplitude is 2 and the period is 27.
b Y

| Example2

Without using technology, sketch the graph of y =sin2x for 0 < z < 27.

e
Since sin 2z has half the

This is a horizontal stretch of y = sinz with scale factor 1. period of sin z, the first
The period is 2F =, so the maximum values are 7 units apart. | maximum is at 7 not .
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EXERCISE 12B.1

1 Without using technology, sketch the graphs of the following for 0 < z < 2m:

c y:%sinx d y=—-2sinz

a y=3sinx b y=—3sinzx 5

2 Without using technology, sketch the graphs of the following for 0 < z < 37

a y=sin3x b y=sin (%) ¢ y =sin(—2z)
3 State the period of:

a y=sindx b y =sin(—4z) ¢ y=sin (%) d y =sin(0.6x)
4 Find b given that the function y = sinbx, b > 0 has period:

a b b & ¢ 127 d 4 e 100

5 Use a graphics calculator or graphing package to help you graph for 0° < x < 720°:

. . . . . 1
a y=2sinx 4+ sin2zx b y =sinz 4 sin2z + sin 3z < = —
s T
6 a Use a graphing package or graphics calculator to graph for —4n < z < 4m: GRAPHING
. . sin 3z sin bz PACKAGE
i f(z)=sinz+ 3 5 (W)
. . sin 3z sin bz sin 7z sin 9z sin 11z
ii ) =sinx
f( ) + 3 5 7 9 11
. . in 3z sin bz sin 7x sin 1001z
b Predict the graph of z) =sinz + 2= —_
grap f( ) + 3 5 7 1001

INVE THE FAMILIES y = sin(z —c¢) AND y =sinxz + d

Click on the icon to explore the families y = sin(xz —¢) and y =sinz + d.

What to do:

DYNAMIC SINE
FUNCTION

- >
1 Use the slider to vary the value of c. Observe the changes to the graph of Q ?
the function, and complete the table:

Maximum | Minimum
1 -1

@ Function Period | Amplitude

2w 1

o

<
I
w0
2.
=
8

2 What transformation moves y = sinz to y = sin(z — ¢)?

3 Return the value of ¢ to zero, and now vary the value of d. Observe the changes to the graph
of the function, and complete the table:

d Function Maximum | Minimum | Period | Amplitude
0 y =sinx 1 —1 2 1

3 | y=sinz+3
—2 | y=sinz — 2

d | y=sinz+d
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4 What transformation moves y =sinz to y =sinx + d?

5 What transformation moves y =sinz to y = sin(x — ¢) + d?

From Investigation 3 we observe that:

e y=sin(x —c) is a horizontal translation of y =sinz through c units.

e y =sinx +d is a vertical translation of y = sinz through d units.

e y=sin(x —c)+d is a translation of y =sinz through vector (fl)

| Example3

On the same set of axes graph for 0 < z < 47

a y=sinz and y =sin(z — 1) b y=sinz and y=sinz —1

a This is a horizontal translation of y = sinx to the right by 1 unit.

T 27 37 -7
.. A= y=sinz
_ 1 5., - ~ Piog

A\ y=sinz—1

THE GENERAL SINE FUNCTION

The general sine function is

y= ?sin(lA)(:v — ?)) +d where b> 0.

\

affects affects affects affects
amplitude period horizontal translation vertical translation

The principal axis of the general sine function is y = d.
2
The period of the general sine function is ="

The amplitude of the general sine function is |a|.

For example, y = 2sin(3(x—Z%))+1 is a translation of y = 2sin3z with translation vector (

k]
N——
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Starting with y = sinxz we would:
e double the amplitude to produce y =2sinz, then
e divide the period by 3 to produce y = 2sin3x, then

™

e translate by (?) to produce y=2sin(3(z — §))+ 1.

EXERCISE 12B.2
1 Sketch the graphs of the following for 0 < x < 47

a y=sinx —2 b y=sin(z —2) ¢ y=sin(z +2) GRAPHING
d y=sinzx+2 e y=sin(z+ %) fy=sinfz—-%)+1 (PACKAGE)
Check your answers using technology. ﬁ
2 State the period of:
a y =sinbt b y=sin (%) ¢ y=sin(—2t)

3 Findbin y=sinbz if b >0 and the period is:
a 3w b & ¢ 100w d 50

4 State the transformations which map:

a y=sinz onto y=sinz —1 b y=sinz onto y=sin(z — )

¢ y=sinz onto y=2sinz d y=sinx onto y =sindx

e y=sinz onto y=isinz f y=sinz onto y=sin (%)

g y=sinz onto y= —sinx h y=sinaz onto y=—3+sin(x + 2)
i y=sinz onto y=2sin3x j y=sinz onto y=sin(z — %) +2

"5l MODELLING USING SINE FUNCTIONS

When patterns of variation can be identified and quantified using a formula or equation, predictions may
be made about behaviour in the future. Examples of this include tidal movement which can be predicted
many months ahead, and the date of a future full moon.

In this section we use sine functions to model periodic biological and physical phenomena.

MEAN MONTHLY TEMPERATURE

Consider again the mean monthly maximum temperature for Cape Town over a 12 month period:

Month Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
Temp. T (°C) | 28 | 27 | 254 | 22 | 182 | 16 | 15 | 16 | 18 [ 214 | 24 | 26

The graph over a two year period is shown below:

40
17co
30
b L4 ° Ao ° b L4 o + °
20 L4 ° L4 °
b o ° o b * o ° -] b
10
t (months)
0 -

Jan Mar May Jul Sep Nov Jan Mar May Jul Sep  Nov
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We attempt to model this data using the general sine function y = asin(b(z — c)) +d,
or in this case T = asin(b(t — ¢)) + d.

The period is 12 months, so 2% =12 and .. b= 3.
The amplitude = —— ; min 28 ; 1 ~65, so a~65.

~21.5.

. . . . .. 28415
The principal axis is midway between the maximum and minimum, so d ~ ;

So, the model is T~ 6.5sin(% (¢t —c)) +21.5 for some constant c.

On the original graph, point A lies on the principal axis, and is the first point shown at which we are
starting a new period. Since A is at (10, 21.5), ¢ = 10.

The model is therefore T~ 6.5sin(F (¢ — 10)) + 21.5, and we can superimpose it on the original data
as follows.

4
treo
30
10
t (months)
0 >
Jan Mar May Jul Sep Nov Jan Mar May Jul Sep  Nov
TIDAL MODELS
The tides at Juneau, Alaska were recorded over a two day Day 1 | high tide 1:18 pm

period. The results are shown in the table opposite: low tide | 6:46 am, 7:13 pm

Day 2 | high tide | 1:31 am, 2:09 pm
low tide | 7:30 am, 7:57 pm

Suppose high tide corresponds to height 1 and low tide to height —1.
Plotting these times with ¢ being the time after midnight before the first low tide, we get:

<— 12 hrs 13 min—><—12 hrs 38 min—

Tide height, H
X

.~
/
/
K
/
/
4
s
U ' '
T

¥ +— —t +—— v +—+ et £
/ t6am 12noon “6pm midnight %6am / 12noon 6\pm A
midnight \ / /

- N '
<t t

\, / /
. ’ AN % ", Ry L
1 .o o e o

<— 12 hrs 27 min—><—12 hrs 17 min—>-<—12 hrs 27 min—

We attempt to model this periodic data using H = asin(b(t — ¢)) + d.
The principal axisis H =0, so d=0.

The amplitude is 1, so a = 1.
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The graph shows that the ‘average’ period is about 12 hours 24 min =~ 12.4 hours.

21
12.4

But the period is 2%, S0 2% ~ 124 and .. b= ~ 0.507.

The model is now H = sin(0.507(¢ — ¢)) for some constant c.
We find point X which is midway between the first minimum 6:46 am and the following maximum

1:18 pm. Its xz-coordinate is 6.77+133 ~ 10.0, so c¢=10.0.

So, the model is  H =~ sin(0.507(¢ — 10.0)).

Below is our original graph of seven plotted points and our model which attempts to fit them.

H H=sin (0.507 (t — 10.0))
1
/\ /\ /\6 . t
) WH noon Wmi&night Wlé noon \/ i
-1
Use your graphics calculator to check this result. =
The times must be given in hours after midnight, so
. ) . GRAPHICS
the low tide at 6:46 am is (6.77, —1), CALCULATOR
the high tide at 1:18 pm is (13.3, 1), and so on. INSTRUCTIONS

EXERCISE 12C

1 Below is a table which shows the mean monthly maximum temperatures for a city in Greece.

Month Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec
Temperature (°C) | 15 | 14 | 15 | 18 21 [ 25| 27 | 26 24 | 20 | 18 16

a Use a sine function of the form 7' ~ asin(b(t—c¢))+d to model the data. Find good estimates
of the constants a, b, ¢ and d without using technology. Use Jan = 1, Feb = 2, and so on.

b Use technology to check your answer to a. How well does your model fit?

2 The data in the table shows the mean monthly temperatures for Christchurch, New Zealand.

Month Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec
Temperature (°C) | 15 | 16 | 145 | 12 | 10 | 75 | 7 | 73 | 83 | 103 | 125 | 14

a Find a sine model for this data in the form 7T = asin(b(t — ¢)) +d. Assume Jan = 1,
Feb = 2, and so on. Do not use technology.

b Use technology to check your answer to a.

3 Some of the largest tides in the world are observed in Canada’s Bay of Fundy. The difference
between high and low tides is 14 metres, and the average time difference between high tides is
about 12.4 hours.

a Find a sine model for the height of the tide H in terms of the time ¢.
b Sketch the graph of the model over one period.
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4 At the Mawson base in Antarctica, the mean monthly temperatures for the last 30 years are:

Month Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec
Temperature (°C) | 0 0O | -4|-9|—-14|-17|-18|-19| —-17| —-13| —6 | —2

a Find a sine model for this data without using technology.
Use Jan =1, Feb = 2, and so on.

b How appropriate is the model?

e
5 Revisit the Opening Problem on page 326.
The wheel takes 100 seconds to complete one \
revolution. Find the sine model which gives the height
of the light above the ground at any point in time.
Assume that at time ¢ = 0, the light is at its lowest 10m
point.

green light

2m

i 2

o] B THE COSINE FUNCTION

We return to the Ferris wheel and now view the movement of the green light from above.
d
Now cosf = o 5 d=10cos#

The graph being generated over time is therefore a cosine function.

Y DEMO

horizontal displacement (m) - ﬁ >
10/}

d=10cos@

time (s)

Y

The cosine curve y = cosz, like the sine curve y = sinzx, has a period of 27, an amplitude of 1,
and its range is —1 <y < 1.

Use your graphics calculator or graphing package to check these =~

features ) GRAPHING
GRAPHICS PACKAGE

CALCULATOR - >
INSTRUCTIONS
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Now view the relationship between the sine and
cosine functions.

You should observe that y = cosax and
y = sinz are identical in shape, but the cosine
function is 5 units left of the sine function under

a horizontal translation.

This suggests that cosx = sin (:c + %)

Use your graphing package or graphics calculator to check this by graphing GRAPHING

y=-cosz and y =sin (3: + %) on the same set of axes. PACKAGE
(W)

The general cosine function is y = acos(b(z —c)) +d where a #0, b> 0.

THE GENERAL COSINE FUNCTION

Since the cosine function is a horizontal translation of the sine function, the constants a, b, DYNAMIC

¢, and d have the same effects as for the general sine function. Click on the icon to check Fucr?g':'T(fN

this. (W >
| Example 4 | =) Self Tutor

On the same set of axes graph y =cosx and y = cos (a: — %) for =27 < x < 27

Y = cos (a: — g) is a horizontal translation of y = cosx through % units to the right.

) Self Tutor

Without using technology, sketch the graph of y = 3cos2z for 0 < z < 27.

Notice that a = 3, so the amplitude is /

Y
13| = 3. 3 y=3cos 2z
. .2 2
b =2, so the period is ?ﬂ:g:w. \ /\ /
To obtain this from y = cosz, we have a >
z T s 27
2 2

vertical stretch with scale factor 3 followed
by a horizontal stretch with scale factor %,

as the period has been halved.
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EXERCISE 12D

1 Given the graph of y = cosz,

sketch the graphs of:

/N

y=coszT

-

y=cos(x—%)+1

a y=cosx+2 b y=cosx—1
d y:cos(a:—i—%) e yzgcos:c
g y=—cosz h

J y=cos2z ke y = cos (%)

2 Without graphing them, state the periods of:

a y=-cos3z b y:cos(%)

3 The general cosine function is
State the geometrical significance of a, b, ¢, and d.

4 Find the cosine function shown in the graph:

a AY b

21
I\

AY

y = acos(b(x — ¢)) + d.

27

yzcos(a:—%)

Y= %cosx

y:cos(:c-i—%)—l

y = 3cos 2z
Y = COS (%x)
AY

SAWA

AVAAVARY,

A\

"3 THE TANGENT FUNCTION

We have seen that if P(cos#, sinf) is a point which
is free to move around the unit circle, and if [OP]
is extended to meet the tangent at A(1l, 0), the
intersection between these lines occurs at Q(1, tan9).

This enables us to define the tangent function

by
1 Q(1, tan0)
P
i tan @
sin 6@
- 0 o z
—1 ———N JA(1,0)
cos6
-1 tangent
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Y For 6 in quadrant 2, sin 6 is positive and cos @ is negative

o

inf . .
and so tanf = 22— is negative.
cos

=

As before, [OP] is extended to meet the tangent at A at
Q(1, tanb).

Q(1,tan0)

y For 6 in quadrant 3, sinf and cosf are both negative
and so tan @ is positive. This is clearly demonstrated as

Q is back above the x-axis.
/ A(1,0)
For # in quadrant 4, sinf is negative and cosf is

Y
\ positive. tan# is again negative.
\ )
P
/

Q(1,tan®)

JZaWan e

What happens to tan € when P is at (0, 1) and (0, —1)?

THE GRAPH OF y = tanx

. sinx .
Since tanx = , tanx will be undefined whenever cosx = 0.
CcCos ™

The zeros of the function y = cosx correspond to vertical asymptotes of the function y = tanx.

The graph of y =tanxz is
y

y=tanzx

3

DEMO
(ﬁ)
€T
b 3sm /4 = I 3 smo
/ 2 FT 73 7 fT 5 fm 5
-3
A
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We observe that y = tanz has: e period of 7
e range ycR
e vertical asymptotes x = 7 + kr for all k € Z.

Click on the icon to explore how the tangent function is produced from the unit circle. TANGENT
FUNCTION

(W)
| DISCUSSIO!

e Discuss how to find the x-intercepts of y = tanz.
e What must tan(x — ) simplify to?

e How many solutions does the equation tanx = 2 have?

THE GENERAL TANGENT FUNCTION

The general tangent function is y = atan(b(x —c¢))+d, a#0, b>0.
e The principal axis is y = d.
e The period of this function is %

e The amplitude of this function is undefined.
There are infinitely many vertical asymptotes.

Click on the icon to explore the properties of this function. DYNAMIC
TANGENT
FUNCTION

) Self Tutor

Without using technology, sketch the graph of y = tan(x + §) for 0 <z < 3.

y = tan(x + %) is a horizontal

y=tan(z+I)
translation of y = tanx through —7% (2 4

y = tanx has vertical asymptotes

s

_z _ 37 _ 5w
r=3, x=1*7, and T =3

Its x-axis intercepts are 0, m, 27, and 3. <

y = tan(x 4 §) has vertical
asymptotes = = 4, = = %T,
9% and z-intercepts ‘
?jT’T, %’T, and HT“.

T =
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Without using technology, sketch the graph of y =tan2z for —7m <z < 7.

) Self Tutor

s
a:::I:Z,

0, £3, &m.

y = tanz with scale factor 1.
Since b= 2, the period is 7.

The vertical asymptotes are
_ 43
r = +F,

and the z-axis intercepts are at

y = tan2zx is a horizontal stretch of

Wy
N\

—T

EXERCISE 12E

1 a Sketch the following functions for 0 < z < 37

i y=tan(zx—Z%)

b Use technology to check your answers to a.

y=—tanz

iiil y=tan3z

Look in particular for asymptotes and the z-intercepts.

2 Describe the transformation(s) which moves the first curve to the second curve:

a y=tanx to y=tan(z —1)+2

¢ y=tanz to y:2tan(%)

3 State the period of:

a y=tanx

b y=tan3z

GRAPHING
PACKAGE

=

b y=tanxz to y=—tanz

¢ y =tannz,

n#0 GRAPHING

PACKAGE

=

"7 | GENERAL TRIGONOMETRIC FUNCTIONS

In the previous sections we have explored properties of the sine, cosine, and tangent functions, and
observed how they can be transformed into more general trigonometric functions.

The following tables summarise our observations:

FEATURES OF CIRCULAR FUNCTIONS

. Sketch for . . .
Function 0<w<2n Period Amplitude Domain Range
1131/\
Yy =sinz 2 1 zeR | -1<y<1
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Sketch for

Function
0<z <2

Period | Amplitude Domain Range

1y\ /
yzcosx - \/ ; 27T 1 .'L'GR _1<y<

y =tanzx T undefined | = # £3, :l:%”, yeR
GENERAL TRIGONOMETRIC FUNCTIONS
a bff> 0 c d
General function affects vertical h at S 1 affects horizontal | affects vertical
stretch LR translation translation
stretch
e ¢c>0 moves | e d>0 moves
y =asin(b(z —c)) +d . . or | the graph right the graph up
amplitude = |a| | period = =—
y =acos(b(x —c)) +d b | ¢ ¢<0 moves | ® d <0 moves
the graph left the graph down
_ B amplitude g T e principal axis
y =atan(b(x —¢)) +d undefined period 3 is y—d
EXERCISE 12F
1 State the amplitude, where appropriate, of:
a y=sindx b y=2tan(5) ¢ y=—cos(3(z— %))
2 State the period of:
a y=—tanz b y=cos(3)—1 ¢ y=sin(2(z— %))
3 Find b given:
a y =sinbz has period 27 b y = cosbz has period %’T
¢ y=tanbzr has period d y =sinbx has period 4
4 Sketch the graphs of these functions for 0 < x < 27
a y:%(:os:c b y=sinz+1 C y:tan(m—i—%)
d y=3cos2z e y=sin(z+%) -1 f y=tanz—2
5 State the maximum and minimum values, where appropriate, of:
a y= —sinbx b y=3cosx ¢ y=2tanzx

d y=—cos2zx+3 e y=142sinx f y=sin(z—-%)-3
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6 State the transformation(s) which map(s):

a y=sinx onto y:%sinx b y=cosxz onto y=cos(%)
¢ y=sinz onto y = —sinzx d y=cosz onto y=cosx — 2
e y=tanz onto y = tan(zx+ %) f y=sinz onto y=sin(—x)

7 Find m and n given the following graph is of the function y = msinx + n.

Y

37 2T

= ST
2 2

oy
)

-1
-2

:?, \_/

Y

8 Find p and ¢ given the following graph is of the function y = tanpt + q.

Y

ACTIVITY

Click on the icon to run a card game for trigonometric functions. CARD GAME

(ﬁ)
" c| RECIPROCAL TRIGONOMETRIC FUNCTIONS

We define the reciprocal trigonometric functions cosec x, secant z, and cotangent z as:

1 1 1 cosx
secx = and cotx = =

cscxr = ——, , :
sin x cos T tanx sin x

Using these definitions we can derive the identities:

tan®x + 1 = sec? z and 1+ cot?x = csc?x
Proof: Using sin?z + cos’z =1,
sin? z cos? x . 1

o g 2
— T T {dividing each term by cos”z}

tan®z 4+ 1 = sec’
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Also using  sin?z + cos?z =1,

sin? z cos? 1

sin? z sin? sin? z

{dividing each term by sin®z}

1+ cot?z =csc®x

Example 8

) Self Tutor

. . 1
Using the graph of y = sinx, sketch the graph of y = — =cscz for z € [-2m, 27].
S x
Check your answer using technology.
. y=cscx
y=sinz
1 S
- L
—27 —7 s 2
]
Y
Use the techniques for
1
graphing —— from
f(z)
Chapter 5.
EXERCISE 12G
1 Without using a calculator, find:
a csc(%) b cot () ¢ sec(5F) d cot(m)
2 Without using a calculator, find cscz, secx, and cotx given:
a sinx:%, 0<z< 3 b cosx:%, 37’T<$<27T
3 Find the other five trigonometric ratios if:
a cosz=32 and 3 <z<2m b sinz=-2 and m<z<3
c secx:2% and 0<z<3 d cscx=2 and F<z<m
e tanf=1 and T1<pB< L fcotf=3 and m<f<3
4 Simplify:
a tanzcotx b sinzcscx ¢ cscxcotx
d sinzcotz e cotx f 2sinxcotx 4+ 3cosx
CsCx

cotx
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5 Using the graph of y = cosz, sketch the graph of y = 1 _secx for ze [—27, 27].
COs ™

Check your answer using technology.

6 Using the graph of y = tanz, sketch the graph of y = LI cotz for z € [-2m, 27].

tanx

7 Use technology to sketch y = secx and y = csc (m + %) on the same set of axes for
x € [—2m, 2x]. Explain your answer.

20| INVERSE TRIGONOMETRIC FUNCTIONS

In many problems we need to know what angle results in a particular trigonometric ratio. We have
already seen this for right angled triangle problems and the cosine and sine rules.

For example: tanf = opP _ 3
ADJ 4
3 S 0= tanfl(%)
0 ~ 36.9°
D 36.9
4

Rather than writing the inverse trigonometric functions as sin~'z, cos™'z, and tan—!z, which

can be confused with reciprocals, mathematicians more formally refer to these functions as arcsine x,
arccosine x, and arctangent x.

Since sin z, cosx, and tan x are all many-to-one functions, their domains must be restricted in order for
them to have inverse functions. The inverse functions are therefore defined as follows:

Function Definition Range

y =arcsinz | x =siny, —1<z

<z<1
y =arccosz | x =cosy, —1<z<1 0<y<m

— j— s s
y = arctanx r =tany, z€R —s<y<g

The graphs of these functions are illustrated below as the inverse functions of sin x, cosz, and tanz on
restricted domains which are the ranges of arcsinz, arccosx, and arctan x respectively.

y=tanz
Y4 Y = arccos a‘“y 4 Y=
s — — J 9 =
2 y=x s s
y=x 2
T >
_m 2 y=arctanx
5 —1
D 1 & T 1 ik i
: 2 2 2
/ g -—
y=sin 1/ -1 1 -z
s
—5 —1
. 2 e
y=arcsinzx y v Y=1CoST v
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EXERCISE 12H

1 Copy and complete the table below, giving the restricted domain and range for each trigonometric
function so that its inverse function exists:

Function Restricted Restricted Inverse function Domain Range
domain range
y=sinz y = arcsinx
=cosz Y = arccosx
Yy =tanx y = arctanz

2 Find, giving your answer in radians:

a arccos (1) b arcsin(—1) ¢ arctan (1) d arctan(—1)
e arcsin (%) f arccos (_Tﬁ) g arctan (\/g) h arccos (—%)
i arctan (—%) j sin™!(—0.767) k cos™!(0.327) I tan—!(—50)

3 Find the invariant point for the inverse transformation from:
a y=sinx to y=arcsinzx b y=tanx to y=arctanz

¢ y=cosx toy = arccosz.

4 a State the equations of the asymptotes of y = arctanz.

Do the functions y = arcsinz and y = arccosx have vertical asymptotes? Explain your

answer.
5 Simplify: [Remember to think about]
a arcsin(sin g) b arccos(cos (_%)) domain and range.
¢ tan(arctan(0.3)) d cos(arccos(f%)) \
e arctan(tanm) f arcsin(sin %)

Carl Friedrich Gauss used his Gaussian hypergeometric series to analyse the continued fraction:
x
(1z)?
(2z)?
(3z)?
74 )
9 2 cooc

1+
3+
5+

What to do:

1 Evaluate the fraction with =1 for as many levels as necessary for the answer to be accurate
to 5 decimal places. You may wish to use a spreadsheet.

2 Compare your result with arctan 1.

3 Compare the continued fraction and arctan z for another value of x of your choosing.
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CETEESSPINE 0 NON-CALCULATOR

1 Which of the following graphs display periodic behaviour?

a b
Ay
6

4 o P
An L T

2 Draw the graph of y =4sinz for 0 <z < 27.

3 State the minimum and maximum values of:
a 1-+sinx b —2cos3z

4 State the period of:

a y=4sin(§) b y=—2cos(4x) ¢ y=4cos(2)+4 d y=1itan(3z)
5 Complete the table:
Function Period | Amplitude | Domain | Range
y=—3sin($)+1
Yy = tan 2z
Yy = 3cosTL

6 Find the cosine function represented in each of the following graphs:

a b
AY Y

iVaus N, =
N/ VARV /\

7 State the transformations which map:

a y=sinz onto y=3sin(2z) b y=cosxz onto yzcos(:c—%)—l

8 Find the remaining five trigonometric ratios from sin, cos, tan, csc, sec, and cot, if:

a cosxzé and O<zxz<m b tanz=2 and 7 <z <27

5
9 Simplify:

a arctan(tan(—0.5)) b arcsin(sin(—F)) ¢ arccos(cos 2m)
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REVIEW SET 12B CALCULATOR

1 For each set of data below, draw a scatter diagram and state if the data exhibits approximately
periodic behaviour.

wi B W N

z| 0 1 2 3 4 5 6 7 8 9 10 11 12
y (2708 -17|-3|-21(03[25(29|13|—-13|-29|—-25|-0.3

z| 0 1 2 3 4 ) 6 7 8 9
y| 5|35 6 |—-15| 4 |—-25|-08]09]26]|43

Draw the graph of y =sin3z for 0 <z < 27.
State the period of: a y=4sin(3) b y=-—2tandx
Draw the graph of y = 0.6cos(2.3z) for 0 <z < 5.

A robot on Mars records the temperature every Mars day. A summary series, showing every

one hundredth Mars day, is shown in the table below.

Number of
Mars days

0 [ 100 [200] 300 | 400 | 500 | 600 | 700 [ 800 |900|1000|1100| 1200|1300

Temp. (°C)|—43|—15| =5 |—21|—-59|—-79|—68|—50|—27| =8 | =15 | =70 | —78 | —68

a
b
[

Find the maximum and minimum temperatures recorded by the robot.
Find a sine model for the temperature 7" in terms of the number of Mars days n.
Use this information to estimate the length of a Mars year.

6 State the minimum and maximum values of:

y =>5sinx — 3 b y:%cosx—i—l
7 State the transformations which map:
y=tanz onto y = —tan(2x) b y=sinz onto yZQSjn(%_§)+%

Sketch the graphs of y = secz and y = cscx on the same set of axes for
=27 < x < 27.

State a transformation which maps y =secxz onto y =cscx forall z € R.

Sketch the graphs of y = arcsinz and y = arccosxz on the same set of axes.
State the domain and range of each function.
State the transformations which map y = arcsinz onto y = arccosz.

REVIEW SET 12C

1 Find b given that the function y =sinbx, b > 0 has period:

2 a
b

67 b & c 9

Without using technology, draw the graph of f(z) =sin(z — §) +2 for 0 <z < 27.

For what values of k£ will f(x) =k have solutions?
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3 Consider the graph alongside.
a Explain why this graph shows periodic
behaviour.
b State:
i the period

ii the maximum value
iii the minimum value

& On the same set of axes, for the domain 0 < z < 27, sketch:
a y=cosz and y =cosz — 3 b y=cosz and y=cos(z— %)
¢ y=-cosz and y = 3cos2z d y=cosz and y =2cos(x — %) +3

5 The table below gives the mean monthly maximum temperature for Perth Airport in Western
Australia.
Month Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec

Temp. (°C) | 31.5|31.8 | 29.5|25.4|21.5|18.8|17.7|18.3 | 20.1 | 22.4 | 25.5 | 28.8

a A sine function of the form 7 = asin(b(t —c)) +d is used to model the data.
Find good estimates of the constants a, b, ¢, and d without using technology.
Use Jan =1, Feb = 2, and so on.

b Check your answer to a using technology. How well does your model fit?

6 State the transformations which map:
a y=cosz onto y=cos(z—%)+1 b y=tanz onto y=—2tanx
¢ y=sinz onto y = sin(3z)

7 Find the function represented in each of the following graphs:

a AY b AY

1

h
-
\

A}

3
|
3
3

A NLE NS

NI

8 Simplify:

tanz

a cscrtanx b € secx —tanxsinz

secx

9 a For what restricted domain of y = tanx, is y = arctanx the inverse function?

b Sketch y =tanx for this domain, and y = arctanz, on the same set of axes.
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